On Wess–Zumino gauge  by Shima, Kazunari & Tsuda, Motomu
Physics Letters B 666 (2008) 410–414Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
On Wess–Zumino gauge
Kazunari Shima, Motomu Tsuda ∗
Laboratory of Physics, Saitama Institute of Technology, Fukaya, Saitama 369-0293, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 19 May 2008
Received in revised form 12 July 2008
Accepted 22 July 2008
Available online 25 July 2008
Editor: T. Yanagida
PACS:
11.30.Pb
12.60.Jv
12.60.Rc
12.10.-g
Keywords:
Supersymmetry
Superﬁeld
Nambu–Goldstone fermion
Nonlinear/linear SUSY relation
Composite uniﬁed theory
In the relation between the linear (L) supersymmetry (SUSY) representation and the nonlinear (NL) SUSY
representation we discuss the role of the Wess–Zumino gauge. We show in two-dimensional spacetime
that a spontaneously broken LSUSY theory with mass and Yukawa interaction terms for a minimal off-
shell vector supermultiplet is obtained from a general superﬁeld without imposing any special gauge
conditions in N = 2 NL/L SUSY relation.
© 2008 Elsevier B.V.
Superﬁelds on superspace provide a method to formulate supersymmetric (SUSY) ﬁeld theories systematically [1,2]. The Wess–Zumino
(WZ) gauge is used conveniently to eliminate redundant (gauge) degrees of freedom (d.o.f.) from general superﬁelds for vector supermul-
tiplets. Linear (L) SUSY actions for minimal off-shell vector supermultiplets (in interacting theories) are constructed by using superﬁelds
in the WZ gauge.
On the other hand, various LSUSY theories are related (equivalent) to a nonlinear (NL) SUSY model [3] through the linearization of
NLSUSY both for the free case [4–8] and for the interacting (SUSY-QED) case [9,10], which are essential to study the low energy physics
and cosmology of NLSUSY general relativity (GR) [11] in the SGM scenario [12]. In the NL/L SUSY relation, all component ﬁelds for
the vector supermultiplets including the redundant ones of the general superﬁelds are consistently expressed as composites of Nambu–
Goldstone (NG) fermion [7,13] (called superon in the SGM scenario), whose expressions are called SUSY invariant relations. This means the
WZ gauge condition used in LSUSY theories gives apparently the artiﬁcial (gauge dependent) restrictions on the composite states of NG
fermions, which looks unnatural so far provided the composites are regarded as some eigen state of spacetime symmetry. Therefore, it is
worthwhile studying the general properties of the superﬁeld formulation which does not rely on the special gauge condition in viewpoints
of NL/L SUSY relation.
In this Letter, we focus on the interacting SUSY theory for the N = 2 vector supermultiplet in two-dimensional spacetime (d = 2) for
simplicity. Note that N = 1 vector supermultiplet is unphysical [14] in the SGM scenario. We show that by using the N = 2 NL/L SUSY
relation constructed systematically in the previous paper [13] the interacting SUSY theory for the minimal off-shell vector supermultiplet
and for the general vector supermultiplet as well accompanying the spontaneous SUSY breaking are obtained from the general superﬁeld
without imposing any special gauge conditions.
The N = 2 general superﬁeld on superspace coordinates (xa, θ i) for the N = 2 LSUSY vector supermultiplet (in d = 2) is given by [15,16]
V(x, θ i)= C(x) + θ¯ iΛi(x) + 1
2
θ¯ iθ jMij(x) − 1
2
θ¯ iθ iM jj(x) + 1
4
 i j θ¯ iγ5θ
jφ(x) − i
4
 i j θ¯ iγaθ
j va(x) − 1
2
θ¯ iθ i θ¯ jλ j(x) − 1
8
θ¯ iθ i θ¯ jθ j D(x), (1)
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K. Shima, M. Tsuda / Physics Letters B 666 (2008) 410–414 411where Mij = M(i j) (= 12 (Mij + M ji)) and Mii = δi jMij . LSUSY transformations for the (general) component ﬁelds (C,Λi,Mij, . . .) with
constant (Majorana) spinor parameters ζ i are deduced from the following supertranslation of the superﬁeld in the superspace (xa, θ i),
δζV
(
x, θ i
)= ζ¯ i Q iV(x, θ i) (2)
with supercharges Q i = ∂
∂θ¯ i
+ i/∂θ i . Gauge transformations for (C,Λi,Mij, . . .) are also deﬁned as follows by means of [16]
δgV
(
x, θ i
)= Φ1(x, θ i)+ Φ2(x, θ i), (3)
where Φ i (i = 1,2) are two scalar superﬁeld parameters for generalized gauge parameters (for a N = 2 matter scalar supermultiplet (for
example, see [6])) (for simplicity, we put α = 1 for the gauge transformations, δgV = Φ1 + αΦ2, in Ref. [16]).
As in the case for d = 4, N = 1 SUSY [1], gauge invariant quantities for N = 2 denoted tentatively as (A0, φ0, F0ab, λ0, D0) can be easily
constructed by the explicit component form of the gauge transformation (3) as follows:
(
A0, φ0, F0ab, λ
i
0, D0
)≡ (Mii, φ, Fab, λi + i/∂Λi, D +C), (4)
where F0ab = ∂av0b − ∂bv0a , Fab = ∂avb − ∂bva and v0a = va transforms as an Abelian gauge ﬁeld. The familiar LSUSY transformations are
calculated directly from Eq. (2). And for the minimal off-shell vector supermultiplet (A0, φ0, v0a, λi0, D0) [9], we obtain
δζ A0 = ζ¯ iλi0,
δζ φ0 = − i j ζ¯ iγ5λ j0,
δζ v0a = −i i j ζ¯ iγaλ j0 + ∂aW
(
Λi
)
,
δζ λ
i
0 = (D0 − i/∂ A0)ζ i − i i jγ5/∂φ0ζ j +
1
2
ab i j F0abγ5ζ
j,
δζ D0 = −iζ¯ i/∂λi0, (5)
where remarkably the redundant components in Eq. (1), (C,Λi,M12,M11 −M22), do not appear apparently in the minimal off-shell vector
multiplet δζ (A0, φ0, v0a, λi0, D0) disregarding the gauge choice except for the U (1) gauge parameter W (Λ
i) = −2 i j ζ¯ i Λ j composed of
the fermionic d.o.f. That is, the gauge invariant sector and the redundant sector are mixed by only the gauge transformations with the
fermionic parameters. Therefore the redundant sector plays important roles for constructing SUSY QED.
The LSUSY transformations (5) satisfy the closed commutator algebra,
[δζ1 , δζ2 ] = δP
(
Ξa
)
, (6)
where δP (Ξa) means a translation with a parameter Ξa = 2iζ¯ i1γ aζ i2. Interestingly, in contrast to the WZ gauge, the commutator algebra
for v0a does not contain the U (1) gauge transformation term due to
δζ1Wζ2
(
Λi
)− δζ2Wζ1(Λi)= −2( i j ζ¯ i1ζ j2 A0 + ζ¯ i1γ5ζ i2φ0 − iζ¯ i1γ aζ i2v0a) (7)
and the consequent cancellations.
Now we see the above general arguments in the viewpoints of NL/L SUSY relation. Let us introduce the SUSY invariant relations
between (C,Λi,Mij, . . .) of N = 2 LSUSY and (Majorana) NG fermions ψ i of N = 2 NLSUSY [13] in d = 2, in which each component ﬁeld
is expanded in terms of ψ i with respect to a constant κ whose dimension is (mass)−1 (κ−2 ∼ Λ/G in NLSUSY GR [11]) as
(
C,Λi,Mij, . . .
)∼ ξκn−1(ψ i)n|w| (n = 4,3, . . . ,0), (8)
where ξ is an arbitrary dimensionless constant, (ψ i)4 = ψ¯ iψ iψ¯ jψ j , (ψ i)3 = ψ iψ¯ jψ j and (ψ i)2 = ψ¯ iψ j,  i jψ¯ iγ5ψ j,  i jψ¯ iγ aψ j , which are
very promising features for SGM scenario [12]. In Eq. (8), |w| is the determinant introduced in [3] describing the dynamics of NG fermions
of NLSUSY, i.e. for the d = 2, N = 2 (N > 2, as well) NLSUSY case,
|w| = det(wab)= det(δab + tab), tab = −iκ2ψ¯ iγ a∂bψ i, (9)
expanded in terms of tab or ψ i as
|w| = 1+ taa + 1
2!
(
taat
b
b − tabtba
)
= 1− iκ2ψ¯ i/∂ψ i − 1
2
κ4
(
ψ¯ i/∂ψ iψ¯ j/∂ψ j − ψ¯ iγ a∂bψ iψ¯ jγ b∂aψ j
)
= 1− iκ2ψ¯ i/∂ψ i − 1
2
κ4ab
(
ψ¯ iψ j∂aψ¯
iγ5∂bψ
j + ψ¯ iγ5ψ j∂aψ¯ i∂bψ j
)
. (10)
Note that the NG fermion ﬁelds ψ i transform nonlinearly as
δζψ
i = 1
κ
ζ i − iκζ¯ jγ aψ j∂aψ i, (11)
which also satisfy the commutator algebra (6).
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C = −1
8
ξκ3ψ¯ iψ iψ¯ jψ j,
Λi = −1
2
ξκ2ψ iψ¯ jψ j
(
1− iκ2ψ¯k/∂ψk),
Mij = 1
2
ξκψ¯ iψ j
(
1− iκ2ψ¯k/∂ψk − 1
2
κ4abψ¯kψ l∂aψ¯
kγ5∂bψ
l
)
,
φ = −1
2
ξκ i jψ¯ iγ5ψ
j
(
1− iκ2ψ¯k/∂ψk − 1
2
κ4abψ¯kγ5ψ
l∂aψ¯
k∂bψ
l
)
,
va = − i
2
ξκ i jψ¯ iγ aψ j
(
1− iκ2ψ¯k/∂ψk),
λi = ξψ i |w|,
D = ξ
κ
|w|. (12)
The SUSY invariant relations (12) are systematically obtained [13] by considering the general superﬁeld,
V˜(x, θ i)= V(x′, θ ′ i), (13)
on the speciﬁc supertranslations (x′a, θ ′ i) [4,6] depending on ψ i ,
x′a = xa + iκθ¯ iγ aψ i, θ ′ i = θ i − κψ i . (14)
Expanding the superﬁeld (13) in the power series of θ i , i.e.
V˜(x, θ i)= C˜(x) + θ¯ iΛ˜i(x) + 1
2
θ¯ iθ j M˜i j(x) − 1
2
θ¯ iθ i M˜ j j(x) + 1
4
 i j θ¯ iγ5θ
j φ˜(x)
− i
4
 i j θ¯ iγaθ
j v˜a(x) − 1
2
θ¯ iθ i θ¯ j λ˜ j(x) − 1
8
θ¯ iθ i θ¯ jθ j D˜(x), (15)
and V(x′, θ ′ i) as well and imposing SUSY invariant constraints,
C˜ = Λ˜i = M˜i j = φ˜ = v˜a = λ˜i = 0, D˜ = ξ
κ
, (16)
give the SUSY invariant relations (12). Note that the SUSY invariant constraints (16) do not restrict the NG fermion-composite structure of
LSUSY multiplet ﬁelds.
The SUSY invariant relations for the component ﬁelds (A0, φ0, v0a , λ0, D0) constituting the minimal off-shell vector supermultiplet are
constructed from Eq. (12). And they coincide with the results obtained heuristicly in Ref. [9], which induce the SUSY transformations (5)
and the commutator algebra (6) under the NLSUSY transformations (11).
Now the problem is actions constructed from the general superﬁeld (1) in NL/L SUSY relation. The N = 2 LSUSY free (kinetic) action
with a Fayet–Iliopoulos (FI) term is written as
SV free =
∫
d2x
{∫
d2θ i
1
32
(
DiW jkDiW jk + DiW jk5 DiW jk5
)+
∫
d4θ i
ξ
2κ
V
}
θ i=0
=
∫
d2x
{
−1
4
(F0ab)
2 + i
2
λ¯i0/∂λ
i
0 +
1
2
(∂a A0)
2 + 1
2
(∂aφ0)
2 + 1
2
D20 −
ξ
κ
(D0 −C)
}
= S0V free +
∫
d2x
ξ
κ
C, (17)
where W i j and W i j5 are scalar and pseudo-scalar superﬁelds deﬁned by
W i j = D¯i D jV, W i j5 = D¯iγ5D jV (18)
with Di = ∂
∂θ¯ i
− i/∂θ i . Obviously, the free action (17) is expressed by only the ﬁelds (A0, φ0, v0a , λ0, D0) except the surface term without
choosing the speciﬁc gauge. By changing the integration variables in Eq. (17) from (x, θ i) to (x′, θ ′ i) under the SUSY invariant constraints
(16) [13] or by directly substituting the SUSY invariant relations (12) into Eq. (17) [9], SV free exactly reduces to the N = 2 NLSUSY action,
i.e.
SV free
(
ψ i
)= SN=2NLSUSY, (19)
when ξ2 = 1, where SN=2NLSUSY is
SN=2NLSUSY = − 1
2κ2
∫
d2x |w|, (20)
which is invariant (becomes a surface term) under the NLSUSY transformations (11).
Next we focus on mass and Yukawa interaction terms constructed from Eq. (1). We deﬁne those terms by the quadratic and the cubic
terms of W i j and W i j5 as follows:
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∫
d2xm
[∫
d2θ i 3
{(W jk)2 + (W jk5 )2}+
∫
dθ¯ i dθ j 2
(W ikW jk +W ik5 W jk5 )
]
θ i=0
, (21)
SV f = 18
∫
d2x f
[∫
d2θ iW jk(W jlWkl +W jl5Wkl5 )
+
∫
dθ¯ i dθ j 2
{W i j(WklWkl +Wkl5Wkl5 )+W ik(W jlWkl +W jl5Wkl5 )}
]
θ i=0
, (22)
where f is an arbitrary constant with the dimension (mass)1. The actions (21) and (22) contain the redundant ﬁelds in V(x, θ i) but these
actions give the N = 2 LSUSY mass and the Yukawa interaction terms for the minimal off-shell vector supermultiplet (by imposing the WZ
gauge condition) [9]. In NL/L SUSY relation, it can be easily shown that the actions (21) and (22) vanish, i.e.
SVm
(
ψ i
)= 0, SV f (ψ i)= 0, (23)
by changing the integration variables in Eqs. (21) and (22) from (x, θ i) to (x′, θ ′ i) under the SUSY invariant constraints (16).
The results (23) mean the followings. The explicit (general) component form of Eqs. (21) and (22) become
SVm =
∫
d2xm
{
−1
2
(
λ¯i0λ
i
0 − 2A0D0 + abφ0F0ab
)− 2(2A0C − ∂aΛ¯iγ a/∂Λi)
}
= S0Vm − 2
∫
d2xm
(
2A0C − ∂aΛ¯iγ a/∂Λi), (24)
SV f =
∫
d2x f
[(
A0λ¯
i
0λ
i
0 +  i jφ0λ¯i0γ5λ j0 − A20D0 + φ20D0 + ab A0φ0F0ab
)
+ {A0λ¯iλi − 2Mij λ¯iλ j − 2A20D + 4(Mij)2D + · · ·}]
= S0V f +
∫
d2x f
{
A0λ¯
iλi − 2Mij λ¯iλ j − 2A20D + 4
(
Mij
)2
D + · · ·}, (25)
where S0Vm and S
0
V f are the mass and the Yukawa interaction terms for the minimal off-shell vector supermultiplet, which are invariant
under the LSUSY transformations (5), respectively. By directly substituting Eq. (12) into S0Vm and S
0
V f , the (nontrivial) vanishments of the
actions,
S0Vm
(
ψ i
)= 0, S0V f (ψ i)= 0, (26)
are shown by means of miraculous cancellations among four NG fermion self-interaction terms [9]. Therefore, it is understood that the
redundant terms in the actions (24) and (25) also vanish by means of the cancellations among terms, which can be conﬁrmed easily.
The above arguments show that, under the SUSY invariant relations (12), the N = 2 LSUSY action with the mass and the Yukawa
interaction terms for the minimal off-shell vector supermultiplet (A0, φ0, v0a , λ0, D0) is obtained from the NLSUSY action (20) without
imposing any special gauge conditions for the general superﬁeld (1); namely, the (nontrivial) vanishment of the redundant (subsidiary)
structure of the action in NL/L SUSY relation in addition to Eqs. (19), (23) and (26) leads to
SN=2NLSUSY = SV free + SVm + SV f
= S0V free + S0Vm + S0V f + [surface term]. (27)
To summarize, based on the general superﬁeld (1), we have discussed the relation between the N = 2 NLSUSY model and the N = 2
LSUSY theory for the vector supermultiplet with the mass and the Yukawa interaction terms in d = 2. The SUSY invariant relations and
the SUSY invariant constraints in NL/L SUSY relation are expressed on the most general supermultiplet of the vector superﬁeld. The
SUSY invariant relations (12), which are systematically obtained [13] from the SUSY invariant constraints (16), are compatible with the
gauge invariances of the quantities (4) for the minimal off-shell vector supermultiplet [9]. As for the actions constructed from Eq. (1),
in particular, the mass and the Yukawa interaction terms (21) and (22), we have shown that the redundant (subsidiary) structure of the
actions vanishes in NL/L SUSY relation in addition to Eqs. (19), (23) and (26). This means Eq. (27), i.e. the N = 2 LSUSY action with the
mass and the Yukawa interaction terms for the minimal off-shell vector supermultiplet emerges from the NLSUSY action (20) without
imposing any special gauge conditions for the general superﬁeld (1).
The same structure as the N = 2 NL/L SUSY relation is anticipated for higher N SUSY and in d = 4 as well. The similar arguments in
the coupling of matter multiplet (SUSY QED) and in the SUSY QCD are also interesting problems in NL/L SUSY relation and are under the
study.
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